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Perforated screens are often deployed to attenuate aerodynamic sound in heat-
exchanger cavities and other ducts conveying mean flow. The dissipation is caused
by vorticity production in the perforations. This mechanism is investigated theor-
etically for the case of a thin rigid plate lying along the centreline of a duct and hav-
ing a single transverse slot, a configuration that is to be studied experimentally at
the Institute of Sound and Vibration Research of Southampton University. Time-
harmonic acoustic waves are incident on the slot in the presence of equal parallel mean
flows on either side of the plate. A linearized theory of unsteady shearing flow over
a slot, which incorporates the influence of vorticity ejection into the flow, is used to
examine mean-flow/acoustic energy exchanges. According to this theory acoustic
energy is absorbed provided that the Strouhal number based on slot width and
mean-flow velocity is sufficiently small. At higher frequencies there exists an infinite
set of discrete frequency intervals within which there is a net production of acoustic
energy at the slot at the expense of the kinetic energy of the mean flow.

1. Introduction

Perforated screens are used to suppress flow-induced acoustic resonances in ducts,
heat-exchanger cavities and other industrial devices conveying mean flow (Bechert
1979; Blevins 1984 ; Vér 1982). A detailed analysis of several idealized model problems
(Howe 1980a, b;1981a, b) reveals that their effectivenessis due to vorticity production
within the perforations by the sound, the kinetic energy of the vortex field being
extracted from the sound. The vorticity is ejected from the perforations and
convected downstream by the mean flow where it is subsequently dissipated by
viscous action, although it sometimes happens that, after ejection, the efficiency of
the acoustic dissipation isdiminished because of the generation of sound (‘ aerodynamic
sound’, see Lighthill 1952) by the vorticity interacting with other perforations.

An experimental investigation is underway in the Institute of Sound and Vibration
Research of Southampton University toexamine such mean-flow/acousticinteractions
(Vasudevan, Nelson & Howe 1985). A canonical configuration will first be examined
in which the perforated screen consists of a single transverse slot in a thin rigid plate
lying along the centreline of a duct of rectangular cross-section. On each side of the
plate are equal, parallel, low-subsonic mean flows. Two time-harmonic acoustic waves
of equal amplitudes but of phase difference 6 are generated by a system of
loudspeakers, and are incident on the slot from upstream, respectively above and
below the splitter plate. In this paper we apply the linearized theory of unsteady
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shearing flow over a slot, discussed by Howe (1981b), to an idealized model of this
experimental configuration. The shear layer within the slot is treated as a vortex sheet
and the back-reaction on the flow in the slot of vorticity ejected from the slot trailing
edge is expressed in terms of displacement-thickness ‘waves’ on the downstream
boundary layers. These displacement waves constitute an attempt to model the
influence of the ejected vorticity that is being convected by the mean flow, and it
turns out that, on the basis of linear theory, their amplitudes can be determined
analytically by imposing the condition that the displacement of the shear layer within
the slot should remain finite at the trailing edge.

Attention will be confined to configurations, relevant in the experimental study,
in which the slot width does not exceed the width of the duct, and to the compact
case in which both are small compared with the characteristic acoustic wavelength.
The analytical problem is formulated in §2. A solution is first obtained in §3 which
takes no account of vorticity ejection from the slot. The general case of arbitrary
s/H < 1, where 2s, 2H are respectively the widths of slot and duct, is treated in §3.1
and the problem is reduced to the consideration of a set of linear equations which
are solved numerically. The solution is given in closed form in §3.2 for s?/H? < 1.
The displacement ¢, say, of the vortex sheet from its undisturbed position contains
two terms which represent degenerate Kelvin-Helmholtz instability waves. Since
there is no mean shear one of these waves is neutrally stable while the second grows
linearly with distance downstream. Their amplitudes are determined by application
of the unsteady Kutta condition at the leading edge of the slot, leaving conditions
at the trailing edge to be determined by the solution. The predicted motion of the
shearlayer at the trailing edge exhibits an inverse square-root singularity. Accordingly
the linearized solution breaks down in the vicinity of the trailing edge.

The singularity is removed in §4 by the incorporation of displacement-thickness
waves, whose amplitude is adjusted to ensure that the motion remains finite at the
trailing edge. This, moreover, leads to a solution in which ¢ is not only finite but
merges continuously at the trailing edge with the boundary-layer-displacement
waves.

The acoustic properties of the slot are determined by the unsteady flux through
it, and this is shown to have two components: the first is distributed and is caused
by the to-and-fro motion of the vortex sheet; the second is localized at the trailing
edge of the slot and is associated with the ejection of vorticity. The mean-flow/
acoustic energy exchanges are examined in §§5 and 6. It is concluded that, for
Strouhal numbers ws/ U less than about 2.4 (where w is the radian frequency and U
the velocity of the mainstream), acoustic energy is dissipated and, provided that ws/U
is not too small, the dissipation decreases as s/H increases. Predictions are given of
4, the ratio of transmitted to net incident power flux, (to be determined in the
experiment) for various phase differences and s/ H ratios. Measurable values of 4 are
found for phase differences 6 in the range it < 6 < m, the maximum being achieved
at @ =1 where 4 = 0(10)dB for ws/U <€ 1. The derivations of various analytical
results are collected together in Appendices A-D.

2. Formulation of the analytical problem

Consider a two-dimensional rigid-walled duct of width 2H which occupies the region
—o0 <, < 0, |2,| € H of a rectangular co-ordinate system (z,, ,) (see figure 1).
A thin rigid plate lies along the centreline z, = 0 of the duct and has a single
transverse slot of length 2s, centred on the origin of coordinates. In the undisturbed
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Figure 1. Schematic illustration of the analytical problem.

state the fluid on either side of this plate is in uniform motion at low-subsonic velocity
U in the positive z,-direction.

Plane time-harmonic sound waves of radian frequency & > 0 are incident on the
slot from upstream and are specified by the velocity potentials

¢F = ¢oexp {il:llfjn—wt]} (z, > 0),
S el S

where ¢, is a constant, ¥ = w/c is the acoustic wavenumber, 6 is the phase difference
of the incident waves (which can be varied by suitable adjustment of the loudspeaker
system), M = U/ec <€ 1 is the Mach number of the mean flow and ¢ is the speed of
sound. It is assumed that ¢ and the mean density p, of the fluid are constant
throughout the flow, and that

M<l, ks<kH<1. (2.2)

2.1)

This implies that the characteristic wavelength of the sound greatly exceeds the
respective widths 2s, 2H of the slot and duct, and that the frequency is below the
minimum cut-on frequencies of transverse duct modes.

To analyse the flow—acoustic interactions at the slot we introduce Green functions
G, (x, y,) which, in view of (2.2), satisfy the time-reduced wave equation:

Ca ay o
[@*a‘z‘;’“(’“‘”‘fa—%) |esx =0 @zo0,

the boundary conditions

(2.3)
aa—Gi Fo(x,~y,)) (—o<x <00, z,=710),

Ty =
%:O (—oo<x1<00,x2=iH),
oz,

/

and the radiation condition that G, exhibit outgoing wave behaviour as |z, —y,| > 0.
Explicit forms for G, are derived in Appendix A.
Let X', denote plane control surfaces x, = +4 which lie just outside regions of
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unsteady vortical flow above and below the splitter plate. If Z , (x,) e71“* respectively
denote the displacement of fluid particles in 2, from their unperturbed positions,
the corresponding perturbation potentials ¢, induced by the motion of the shear
layer and displacement-thickness fluctuations of the boundary layers on the splitter
plate can be expressed in the form

. 0\ (®
st =(—iorUi) [ Zow6utx v, 2.4

Here and henceforth the exponential time factor e™i“! is suppressed and it is
assumed that the lengthscale of variation of Z | (y,) greatly exceeds the thickness of
the boundary-layer flows, so that the integrations in (2.4) may be taken along z, = +0
respectively. The linearized Bernoulli equation may now be used to show that the
total perturbation pressures p, in x, 2 0 are given by

_ . a 2 ffo
pi(x) = +Po<_lw+ Ua) J Zi(yl)Gi(x’ Y1) dyl +poi5 (2.5)
1 —
where, since M <€ 1,
PE = —ipyw B/, (2.6)
Py = —ip, wp, el*Z/1+M)=6) (2.7

are the pressures due to the incident waves ¢¢.

The shear layer within the slot will be modelled by a vortex sheet, so that for |z,| < s
we can set

Z, () = Z_(x,) = Z(x,), (2.8)

say. In a linearized approximation the pressure p(x) may be taken to be continuous
across the mean position of the vortex sheet, i.e.

Pi(xy, +0) =p_(2,, —0) (|2, <), (2.9)
whence it follows from (2.5) that

. a 2 o0
Po _ {—1w+ UEJE;} J_w{Z+(yl) GL(X, Y1) |y =0+ +2Z_(41)

Po
G_(%, y)|z,=0-}dyy (7] < 8), (2.10)
where, from (2.6) and (2.7),
Po = Pg — Py = —ipy i, e!Fn/ U] — 710},
~ —ip, wgy(L —e19), (2.11)

since klx,| < ks < 1.

For z, > s, Z, is the x, displacement of fluid particles just outside the boundary
layers. We shall assume, following Howe (1981b), that long-wavelength boundary-
layer disturbances are adequately represented by

Zi=h'ieix:c. (K:%, x1>s>, (2.12)

where h'i are constants, and V < U is a suitable convection velocity of the
boundary-layer disturbances. Further discussion and justification for this approach



Sound absorption at a slot in a splitter plate in a duct 5

is given by Howe (1981b, ¢), who also shows that at low-subsonic flow velocity,
conservation of mass requires that A, = h_ = k', say. Since conditions upstream of
the slot are homogeneous, and displacement-thickness waves propagate in the flow
direction, it may be assumed that Z, = 0 for z, < —s.

It is convenient to introduce dimensionless variables, as follows:

b
E==2, n=uy/s,

7 (2.13)
= — = 4 =
g 2 {, =hel, o=«ks
and dimensionless fluxes
Q=q,tq, (2.14)
defined by
+1 I h eio’
G=| CEdE g, = hf el7tdf = ———. (2.15a, b)
-1 +1 10

@ is the total displacement flux through the slot, and consists of a component g,
arising from the motion of the vortex sheet, together with g,, which accounts for a
flux through an infinitesimal length of the slot adjacent to the trailing edge and is
associated with the production of the displacement-thickness waves (see Howe
1981b). Note that the convergence of infinite integrals of the type shown in (2.15b)
may beachieved by assigning to w a small positive imaginary component (subsequently
allowed to vanish). This procedure is consistent with the causality condition that
displacement-thickness fluctuations are produced by the incident sound and would
in practice decay (or become incoherent) as they propagate downstream.

When the inequalities (2.2) are satisfied the Green functions G,, G_ assume a
common form in the acoustic near field of the slot, namely

G, (x, y)l,ﬂ_oi = 11—: In {sinh {l:::l -yl %}} +ey
where (2.16)
i + In 2
‘= TRk =

(see Appendix A).

Substituting into (2.10) and rewriting in terms of dimensionless variables we deduce
that the displacement { of the vortex sheet is given by the integro—differential
equation

(mier ) [esrer+2 ] con infsint (16— 35} an
+2 7 petn 1n{sinh<|g—n|;%)} dvy] = pf’;]z (&l < 1), (2.17)

+1

where € = ws/U is the Strouhal number based on slot width and mean-flow velocity.
This equation determines (£, t) correct to neglect of terms O(ks), O(ksM) relative to
unity, which represents the orders of magnitude of terms neglected in using the
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approximations (2.11) for p, and (2.16) for G, (x, ). Integration with respect to the
differential operator yields

.E‘;"” inainh (1611 57)} dy = — gm0 e o) (0t ) o

—Lhew"ln{s‘“h<|§ "y )}dv (€< 1). (2.18)

In this result a, § are constants denoting the amplitudes of the degenerate Kelvin—
Helmholtz instability waves on the vortex sheet. The values of «, f and the
displacement-thickness wave amplitude % are to be chosen to ensure that the Kutta
condition is satisfied at the leading edge, £ = —1+0, of the slot, i.e. at the trailing
edge of the upstream portion of the splitter plate (as in classical thin-airfoil theory),
and that { is finite at the slot trailing edge.

We shall obtain the solution of (2.18) only for s < H, which represents the most
important case in practice. To do this it is convenient to employ the following
expansion of the kernel of the integral equation:

. s ns lecls )
ln{smh<|x| 2H>} ln2H+ln lx| + P(x) <2H <1 (2.19)
where
P(x)= X c,, 2", (2.20)
n=1

and the B,, n 2> 1, are the Bernoulli numbers (3, &, &, &, &> --.) (see, e.g., Abramowitz
& Stegun 1964 §4.5).

(2.21)

3. Case I: no displacement-thickness waves

When no account is taken of periodic vorticity ejection from the trailing edge of
the slot into the boundary layers in z;, > s, we take A = 0 in (2.18). In this case it
is possible to satisfy the Kutta condition at the leading edge of the slot, but { will
turn out to be unbounded at the downstream end. When A& = 0 the expansion (2.19)
permits the integral equation (2.18) to be expressed in the form

+1
[ e mig—nan = x@+x © = x®. 3.1)
where
Xoll) = s ao{F ey be ) HngE L+ a4 ) (32)
+1
x®=-|" tm Pe-nan (33)

Equation (3.1) determines the displacement {(£) in terms of the pressure difference
P, of the incident waves, the two unknown wave amplitudes o and f, and an infinite
series of moments q,, q,, -.-, ¢, of the flux given by

+1
9n = |_ §"6(6)dE. (3.4)



Sound absorption at a slot in a splitter plate in a duct 7

The solution of (3.1) is formally given by

1
88 = TI—fRn2 {In2 6,(x, £)—6,(x)}, (3.5)
where ©@,(y) and ©,(y, £) are the linear functionals
0.(v) = x(ﬂ)dﬂ1 _1 [ (1—yix () dy _
=3 ] BOE ep-i[ UTEDD g

the prime denoting differentiation with respect to 5, and where the second integral
is a principal value (Carrier, Krook & Pearson 1966, p. 428). The Kutta condition
requires that the vortex sheet leaves the leading edge of the slot tangentially, i.e. that

% .0 as £>—1+0. 3.7)
0§
We anticipate from the work of Howe (1981b) that { = O(1+£)i as £>—1+0.

When (3.5) is integrated with respect to £ over the slot the contribution from 8,
vanishes, and it follows that

g(g)’

6u(x) _
go+ n2 = 0. (3.8)
This result permits conditions (3.7) to be written in the form
éh_nln {9,+6,(x,£)} =0
and (3.9)
lim —(x, ) =0,
£~>—1+0 ag X

(see Howe 19815, §2).

The linear functionals 6,, 8, involve the unknown moments g,, g,, g,, ... which
are determined by multiplying (3.5) by §" (» = 0, 1, 2, ...) and integrating over the
slot. This leads to an infinite system of linear algebraic equations which, when
combined with boundary conditions (3.9), are sufficient to determine the unknown
parameters a, f3, gy, ¢,, ... . In practice the infinite series defined by (2.20) is truncated
after N terms, say, in which case 2N + 3 equations must be solved in terms of p, and
the Strouhal number ¢ for the (2N + 3) unknowns a, 8, g,, .., ¢;5- The procedure is
described in §3.1 for arbitrary s < H. In §3.2 consideration is given to the particular
case of s < H, which can be treated analytically. The following definitions will be
employed :

'r" £ndg b, (€) = lrl(l /i )

n 1 2%’ ,
:lg( bfg +(" f (3.10)
m____ 1zm " 1 ”‘ge
=zl =g fnle) f - g“

where g(e, £) = 6,(—e!7, £) (see Appendix B), and the integral defining b, (£) is a
principal value.
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3.1. Nth order calculation

To perform the calculation correct to O(ns/2H)*Y we must retain the first N terms
of the infinite series P of (2.20). The functionals corresponding to yx,, x, are evaluated,
respectively, in Appendices B and C. Substituting into (3.5) we obtain

60 = mrmr—g B+ . 400 0]+ aaweun+[ 0 —ign 2] e 0,
(3.11)

in which we make the identification f=g¢q_,, @ = ¢_,; "¢; denote the binomial
coefficients and

€3y, &) =0C ')—ln2 Cy(J; &),

Ci(j)=(—1y 2 cznazn—j "¢s,

n-U (3.12)
n=N
C.(5, ) = (= 1y X 2ncy, bzn—j-1(£) 2n—1cj,
n=[j+1]
with
1 (j<2)
Ul=1{% (j = 4,jeven)
1G+1) (j = 3,jodd) (see (C4)~(C5)).
Also

8
2p 02 5 Higemlc, +e_ )+ln(2H)] 3.13)
M (e, §) = —(Jole) +ieIn2 g(e, £)),

where J(¢) is the zeroth-order Bessel function.

(2N + 1) equations are now formed by multiplication of (3.11) by £™(m = 0, ..., 2N)
and integration between (—1, +1). It is convenient to adopt the normalization
4. = q,/E. Making use of the definitions (3.10) we obtain in this way

2N-1
—a, =—In2§,+ rz:o G, B(m, 1)+ yn Con O

+[ﬁ_1—iq_2%]A(m, €) (m=0,1,...,2N), (3.14)
where for integer 1, j
N
B(i,j) = (—1) [ Y €y Qpu;7"c;ja,—In2 X 2ncy,di, 12"‘107], (3.150a)
7 n=[j+1]
A2, €) = —{a, J,(€)+ie In2 f,(e)}. (3.15b)

To simplify the two equations expressing the Kutta condition of (3.9) we introduce
the summation term

. 0 . y 0
D(j, &) = _a_goz(.?: £ =(— l)j{ z 2n62"a_§ b2n—1—j(§) zn_lcj} ) (3.16)

n=[j+1]
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after which (3.9), (3.11) yield

N1 i .. 0.
0= Z G, Colr, —1)— [q_l—lq_za]leg(e, —1), (3.17)
"5 D 7 6. 2052 1 18
0="% 4, Dlr, —1)+| ¢ —itu5 | iegzute, =1 3.18)

Equations (3.14), (3.17) and (3.18) are sufficient to determine q_,, g_;, gq, ..., gon. In
the numerical computation the value of N selected depends on s/H. For
s/fH <1, N = 1 is enough, while for larger values of s/H an appropriate value of ¥
is suggested by previous computations. N is then increased until the solution has
converged (e.g. for s/H = 0.7 we take N = 6).

The zeroth-order moment g, determines the acoustic properties of the slot. Let
G, = W(e), where the right-hand side is obtained by solution of the system (3.14),
(3.17) and (3.18). From (3.13) it follows that

do = {%+éqon(c++c )+ 4, ln(2H)} Wie). (3.19)
Setting
) s
F(é) = [W(e)]~'—In < 5 H) —In2 (3.20)

then leads to the following relation between the flux g, and the ‘forcing’ pressure p,
of the incident waves;

0 {F(e)+In 2—Infc, +c_]} = 2P:I’U°2€2. (3.21)
It is not difficult to see that F(e) is ultimately periodic with period m as ¢ co. For
instance, the influence of ¢ on the solution for §, = W(e) is limited to the ‘coefficients’
of the Helmholtz wave amplitudes q_,, ¢_, in (3.14), (3.17) and (3.18). As ¢~ o0 all
of those coefficients have the form et x fp, where f, is some function perlodlc ine havmg
period 2n, except for the term appearing in (3.18), namely i€(0/08) g(e, —1) ~ € f see
(B 3)). Kramer’s rule then shows that §, is ultimately periodic, and (3.19), (3.20) show
that F(e) must also become periodic, both with period =.

3.2. s € H first-order calculation

If s/ H is sufficiently small that terms O((s/H)™) (m > 2) may be neglected, we can
take N = 1 in the analysis of §3.1. Equations (3.14) become, for m = 0, 1, 2,

—1 = §{B(0,0)—In2}+¢§, B(0, 1)+§,c,+3_, A0, €)+4_, {—1%11(0 e)} (3.22)
0

0=4,B(1,0)+¢,[B(1,1)—In2]+4_, A(1, .€)+Q_2|:—ia

A1, e)], (3.23)

1= 0,82, 0)+0, B2 D+l —In 2+, 42 9+ {-iZ 4@ 0} 321)

where, from (2.21), ¢, = 3(ns/2H)?.
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The coefficients B(z, §), A(%, €) are calculated from (3.15a, b), making use of results
(B6),(C1), (D3):

B©,0)=1c, B(l,1)=—¢,In2, B(1,0)=B(0,1)=B(2,1)=0,
B(2,0)=1c,(1+In2), A(0,¢e)=—Jy(e), A(l,€)=—iln2J (e),
A(2, ) = — (}y(€) — Ju(€) In 2),
whereupon (3.22)-(3.24) become,

A A A A a
—1=(}c,—In2)§,+4, cz"(Q—l_IQ—2&> Jo(e), (3.25)
A ., O
0=~ g1+ e)—i(d—id_sa) (o) 3.26)
4 . .. 0

—3=4qylic.(1+1n 2)]+g,{3c,—In 2]—<Q—1_1‘I—2'&> (3Jo(e)—J4(e)In2). (3.27)
Similarly, using (C 1) and (C 2) in the definitions (3.12) and (3.16) of C,(j, £) and

Dy, §), the Kutta-condition equations (3.17) and (3.18) become

. . .. O
0 = §y{1+cy}+2¢, 91_1[Q—1_IQ—2&] (eg(e, —1)), (3.28)

. A . .. ©0)f. O
0= dyter 4,200+ (11— ids) {iep ote. = . 3.29)

where, from (B 3),

d (3.30)
5‘5 gle, —1) = Jy(e) — 2ie[J(e) —iJ,(€)].

Equations (3.25)—(3.29) determine §_,, §_;, d,, §,, §,- In particular we find after
lengthy algebraic manipulation that, correct to first order in ¢, = (ns/2H),

_ Qotdc, Fi(€) = (1+cy) Fyle)}

gle, —1)= _[Jo(e)_iJl(e)]’ ]

T T a-FOF ey 30
. Gol(L+¢,) F yle)—4c, F (e
LR FF CRerr 332
where primes denote differentiation with respect to € and
F1(e) = —egle, —1)—2¢, Jy(e),
5 (3.33)
Ff0) = ezgale. —1) =20, Jl(e)-‘

Similarly, the function F(¢) which determines the dependence of the zeroth-order flux
g, on the incident acoustic pressure (see (3.21)) is given by

i[{(l +¢,) Fole) —2¢, F (€)Y —{(1+¢,) Fy(€) —2¢, F,(€)} %]

S
Fle) = =c,=In (ﬁ)‘ ERE ABEEABY AR
X (Jo(€)— ¢y Ty(€)),  (3.34)
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where primes again denote differentiation with respect to ¢ and the operator d/d¢ of
the second term acts on Jy(€) —c, J,(€).

Discarding terms which are quadratic in c,, this expression may be written more
compactly as

_ ns\? Fle)
Fio) = Fye)—{in 2o+ (2) 22, (3.3
where
Fle) = — i[Jo(e)o.f’;(e)+of2(e) Jl(f)] .
) S 0T O Fi () F ] (3.39)
oF =%, (i =1, 2) of (3.33) with ¢, = 0, and
Fle) =1 : 91(5)":292(6) Fy(e) , . .
(€) +{-1[09'2(6) oF 1(€)— oF1(€) o F 5(6)]} 337)
Here (see Quinn 1985)
gs(€) = J3(1 + 2ie)? + 2e2J2 —6eJ (J, —&J,),
g,(€) = —2J3(1 +4i€+2€2)+4ﬁ(3—62)—# (1 —4ie+e?), (3.38)

where J, , = J, ,(¢) and
{oF o) oF 1(€) — o F1(€) oF 5(€)} = ie[J (o +&J,) +e(Jy—2i,)*]. (3.39)

The function F,(€) of (3.36) is independent of s/H, the ratio of the slot width to that
of the duct, and is the ‘zeroth-order’ approximation to F(e) in which the duct is
infinitely wide on a hydrodynamic lengthscale U/w. We find (Quinn 1985)
Fye) = _1{[Jo_2i€{Jo—iJ1}] [Jo—ieldy +iJ ] —ied,[Jy —idy ]}

0 € {J,(Jo+eJ,) +e(Jy—2iJ,)% ’
which agrees with Howe’s (1981b) result. The terms in the curly brackets in (3.35)
are the ‘first-order’ correction for small-but-finite s/ H. Since the theory assumes the
acoustic wavelength to be large relative to the duct height, the limit s/H — 0 cannot
be taken for given ¢, M. Consequently the present problem does not reduce in all
respects to the free-space problem discussed by Howe (19815).

The behaviour of F(e) as ¢ > oo, particularly its imaginary part, will be relevant
to the discussion of mean-flow acoustic energy exchanges of §§5, 6. Making use of the
asymptotic representations of the Bessel functions (Abramowitz & Stegun 1964,
p. 364) we find

(3.40)

14 e2le
.2
Fy(e) i;———_ S % (e—> 00), (3.41)
and from (3.37)—(3.39),
2[2—sin 2¢+1e¢ .
Fle)~1+ [2 G —sin 2¢)2 ] (A+ie¥)  (e—o0). (3.42)
4
Use of these results in (3.35) reveals that
cos 2¢ .
1111]1:?—1»00 (Fle)) = —m{ —sin 2e+ 2H2 [4 sin 26]} . (3.43)
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The term in curly brackets is positive provided that s/H < 1/2nt, so Im (F(e)) is
negative when cos2¢ is positive, i.e. for small s/H there is an infinite sequence of
intervals in which Im F(¢) < 0. A similar calculation indicates that

F(e)z[ 1n(;‘;;) %{1—%(;—;)2}] :;3{”(211)25} (€<1). (3.44)

4, Case II: the effect of vorticity ejection modelled by
displacement-thickness waves

When displacement-thickness waves are included in the theoretical model the total
flux, @ = ¢,+g;, may be derived by a simple extension of the analysis of §3.1. An
additional equation for the unknown amplitude % of the displacement waves is
obtained by requiring { to remain finite at the slot trailing edge. In §3 { satisfied the
Kutta condition at the leading edge but had an inverse square-root singularity at

the trailing edge, i.e.
1
o[t
umg(fﬂ—o (1-8)

as in the analogous problem treated by Howe (1981b).

Consider (2.18). The logarithmic kernel on the left-hand side is expanded as in §3
by use of (2.19) and (2.20). The integral on the right-hand side represents the influence
of the displacement waves. It cannot be expanded as in (2.19), since that would re-
quire that |£—»|(s/2H) < 1, whereas the integration variable  varies from +1 to co.
Let (o, 9) be defined by

_[® igry.. fsinh{(r—7)ns/2H}
Q(o, ) = Ll el ln{ (w72 } dr. (4.1)

The analogue of the integral equation (3.1) is accordingly

| e mig=niay - xe)

where
x(8) = xo(€) + x,(§) — h€2(a, §), (4.2)

and y, is given by (3.2) with g, replaced by @, the total flux, and y, is defined by (3.3).
The formal solution (3.5) is now subject to the boundary conditions (3.9), together
with the additional requirement that {(+ 1 —0) < oo, which is satisfied provided that
{go+6,(x, &)} = 0. (4.3)
1imé§->+1-0

The calculation proceeds exactly as in §3.1; indeed one obtains (3.11) for {(£) with
just two modifications: E is defined as in (3.13) but with g, replaced by @; and the
following linear functional, h{&,(£2) —1In26,(£2, £)], generated by the term in (o, £)
on the right of (4.2), must be added to the expression within the curly brackets of
(3.11). As before the fluxes ¢, are normalized with respect to £, and A is denoted by
g_s, and one obtains the system of linear equations (3.14), (3.17) and (3.18) but with

the right-hand sides supplemented by terms in §_, = 4. These are, respectively,

§_4{0y(2)a, —In2w,(0)}, §_,{—0O,(£, _1)}:}

(4.4)
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where
_1 M Eme,(¢)
Wn(0) = _ -[—1 = dé. (4.5)
The extra equation arising from condition (4.3) has the form
. 2N-1 . o a
0=l I 4.C4fr, +1)—{d—idy s} iogle, +1)=0.,6,(@, +1).  (46)
r=0

The additional integrals 6,(£2), €,(£2, £) and w,(c) of (4.5) are computed in
Appendix D by introducing the following partition of Q(c, %) of (4.1):

Qo n) = 91(0'7 7])+92(0', 1), )
where
— * ior —
Qi(o, ) = fﬂ e In (1—9)dr, 4.7)
and
_[® igr 1. fsinh([T—y]ns/2H)
2,0, ) = -[+1 el ln{ (r—n)ns/2H }d'r.}

The solution of the (2N +4) linear equations yields a relationship between the total
flux @ and p,n/2p, U%* in terms of the function F(e¢), which is now defined by

1 —_ pO n
Q{In2—1Infc, +c_]+ F(e)} 5p, U (4.8)
As before, F(e) is ultimately a periodic function of € with period n when ¢ is large.
This can be deduced from the system of linear equations in the manner discussed in
§3.1.

The behaviour of the displacement { at the trailing edge of the slot will now be
examined. From (3.5), (3.8), (4.2) and (4.4),

e = {%+91(x, cos¢)}

7 8in ¢

lHmg->+1—0lim g0

‘ }
, CO8
hmw{ n og O1(x: c0s9)

- 12 57 160:(Xo> 08 @)+ O, (¥, cos @) —hO,(£2, cos @)} (4.9)
lim¢->0na¢

Equations (C 2), (C 3) of Appendix C reveal that y, can make no contribution to (4.9).
Similarly it follows from Appendix D that the contribution from the component £,
of 2, (4.7), will be of the form

g(o, cos @) x {polynomial of degree 2N in cos ¢}.

The functionals @,(x,, £), €,(R2,, £) are given in (B 2), (D 3), respectively, and (4.9)
reduces to

lim{(§) = 3 {s1n¢ X B. s1nn¢} (4.10)

£->+1-0 limg—0

Bn =%h ei"l,,+<ﬂ—ia%) ieJ,,(e)+th,,(o‘)}. (4.11)

where
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Here v is a constant and the I,, are defined by (D 4). The calculation proceeds as in
§4 of Howe (1981b). For n > |o| (see Howe 1981b, A 12),

(=i io 1 x 3(io)?
L~ n {1+n2——1+(n2—1)(n2—22)+'”} (*.12)

and since J,,(2) = (32)* 1/n! for large » we deduce that

B ® B, = % el (n—o0). (4.13)

Consequently the series (4.10) does not converge uniformly in (0, t). The non-
uniformity is avoided by writing (4.10) as follows:

l?—?ﬁ—% nm-;—»o 0¢ {sm ¢ [ -1 Z (Pn=hu)sinng + nit: 1 P sin n¢:} ’

where the second series can be summed (Gradshteyn & Ryzhik 1980, p. 38). This leads
to

L ]
——

lim¢¢) = o3 {squ[h e‘”( %>+’§l (B,—B,) sinng

£->+1—0 11m¢—>0

— } eic hm.:_)o a?;s {smgb TEI (Bn—PBp) sin n¢} (4.14)

The contribution from the remaining series vanishes since (cf. (4.12)) the coefficients

ﬂn_Bn = O(I/na) (n— ). Thus
§E) =he", (4.15)

lim§ >+1-0
implying that { merges continuously with the displacement-thickness waves at the
trailing edge.
Equation (4.15) is valid when the duct is infinitely wide (s/H—0) (Howe 1981b).
In this same limit the formula for F(e), Fy(e), is given by Howe’s equation (3.9) from
which it can be shown that

Fyle) ~— (1—e/a){3(1—€/o)+i e?ic}

lim e o0 Y1—€/o)®+1—(1—¢/o) sin2¢’ (4.16)

this asymptotic form being a correction to Howe’s equation (3.13). For s € H, F(e)
is related to Fy(e) by an equation of the form (3.34), i.e

F) = e —ingg+0((32)) s < )

5. Mean-flow/acoustic energy exchanges

At large distances upstream or downstream of the slot the acoustic fields behave
as plane waves. This is easily seen from (2.5) when use is made of the asymptotic forms
of the Green functions G, given by (A 2)—(A 4). Consider the plane control surfaces
SE (i =1, 2) of figure 2, which are normal to both the plate and the mean flow at
x; = +1, where 2H/n < |l| < 1/k. Let the reflected waves at SFf have complex
amplitudes ¢, R, ¢, R_ respectively, and let the corresponding transmitted-wave
amplitudes be denoted by ¢, 7',, ¢, 7_ where ¢, is the amplitude of the incident wave
o1 of (2.1).
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F16URE 2. The form of the acoustic field at , = +1, 2H/r <1 < 1/k.

When M < 1, so that convection of sound by the mean flow can be neglected, we
find from (2.5), (2.6) and (A 2)—(A 4) that the total perturbation pressure in z, > 0
is given to leading order by

& ~ 2{ _; ik|z l} j+w VA d p_(-)'-
~ W e 1 +
Po 2LH s +(y) Y Po
Pt
= iw{g, B, eik'x-'}+p—° (5.1)
0
for 2H/n < |x,|, where
ws*Q) pi)'- . ik
R, = = xiwg,e (M < 1). (5.2)

" 2kH’ p,

The corresponding total perturbation potential is obtained from the linearized
Bernoulli equation

¢, =~ po R, eFal+ g elha (M < 1), (5.3)
For 2H/n < |x,| < 1/k, (5.1) and (5.2) may be approximated by
P » iwgy(R, +1) = iwg, T, (5.4)

0

Similarly from (5.3), 8¢, /0, satisfies

aa? ~ikp{+ R, +1} (z, 2 0). (5.5)

The total perturbation pressure and potential in x, < 0 are calculated from (2.5),
(2.7) and (A 2)—(A 4) enabling the following results to be derived as in (5.1)—(5.5) for
2H/n < |x,| < 1/k:

% ~ iwg,[R_ elklz,| +ei(kxl—0)]
0

X iwgy(B_+e1) = iwg, T, (5.6)
¢_ ~ ¢0 R_ eiklzll+¢o ei(kzl—o),

aaqi_ ~ ikg{+ R_+e7% (z, 20), (5.7)
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where
wsQ)
R_—+2kH. (5.8)
The time-averaged acoustic-power flux through Sf, ITg+ say, is given by
H
Iy = ij {P+ %¢++c C. } dz, (z, =1), (5.9)
0

where mean-flow convection has again been neglected, the asterisk denotes the
complex-conjugate, and c.c. denotes the complex-conjugate of the preceding
expression.

Use of (5.4) and (5.5) in (5.9) show that

wch
Mgy =227 14 12T, 2. (5.10)

Similarly the corresponding power fluxes ITg¢, ITg; through S,+, §,- respectively,
are found to be

I, = Yo, 0kH|g2(1—|R, ), (5.11)
My, = p, wkH 4,171, (5.12)
Il = lp,0kH(1—|E_[*), (5.13)
where, from (5.4) and (5.6),
T,=1+R,, T =e¥+R_. (5.14)
The total transmitted power, IT say, is therefore given by
I, =g, +1g_=ip,wkHIp,? [|T,]2+|T_|7] (5.15)
and the total incident flux, IT_ say, by '
I_ = I+, = p,wkH |p2[2—|R, 12— |B_|?]. (5.16)

Hence the total acoustic power produced through the mean flow—-acoustic interaction
at the slot IT is

=1I,-1_ = {p,wkH|$* [T, 2 +|T_|*—2+|R,[>+|R_[*]. (6.17)
Noting that R_ = — R, from (5.2) and (5.8) and using (5.14) we find that
II = 1p, wkH\p |}[2|R,I*+ R, {1—e*%} +c.c.]
and thence from (5.2) that
20%Q*  ws*@ ]
—1 16
I 2poa)kH[ PRI 2%H {pg(1 —e¥)} +c.c.

_ ] 1Q° . @ {mpy/po}*
= p, s [4kH 1211:—{2;J’ g} +c.c.], (5.18)

since from (2.11), (2.17), we have, respectively,

Dy Po 10
= iw —e
Po Po Pl }

U?e? = wis?.

(5.19)
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Finally, using (4.8) with the aid of (A 4) we reduce (5.18) to the compact form
304 2
= —’w Im F(e). (5.20)

Since by hypothesis the radian frequency w is positive, this result implies that
acoustic energy is absorbed at the slot when Im F(e) > 0, and is generated when
Im F(e) < 0.

The flux I7_ of (5.16), expressed in terms of @ from (5.2) and (5.8), is

4k H?

Normalizing the transmitted flux I7, by IT_, the total incident flux yields, with use
of (5.17), (5.20) and (5.21),

1,

_=p, wch|¢0|2{1 —M}. (5.21)

|ws®(@/¢,)|* (Im F(e)/nkH)

-~ T I us(@/g /AR H (5:22)
From (5.19), (A 4) and the definition (4.8) of F(e) we find
ws’Q  mi(l—e19)
bo  2{F(e)+mi/2kH)} (5.23)
and substitution into (5.22) gives
n, m(1—cosf)(ImF(e)/2kH)
H_i =1 {‘F(e) mi P (l—cosﬁ)}' (5.24)
k] 8k2H?

In the absence of an incident wave in the region z, < 0 the total transmitted and
incident power fluxes are easily deduced from (5.14)—(5.16). Equation (5.15) remains
valid, but in (5.14) we set,

T =R_

and subtract from (5.16) the power flux IT] = ip, wkH|p,|? associated with the wave
¢ of (2.1). Consequently (5.20) is still true, but now (5.23) becomes

ws*Q ini
¢,  Fle)+mi/2kH

and we find that the normalized flux I7,/IT_ is given by (5.24) with the phase
difference & equal to ir.

It is of interest to examine the possibility of there being a zero or negative net flux
of acoustic power through the upstream control surfaces 87, S;,ie. IT_<0.
According to equations (5.21) (6.23),

(5.25)

{uv’(en2 g (1+c0 sﬁ)} I’;‘kﬁe)zo for 11_20. (5.26)

Hence, I1_ is certainly positive for Im F(¢) > 0, when acoustic energy is absorbed
at the slot, but may possibly become negative when there is a net production of
acoustic energy at the slot (Im F(e) < 0).
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. 8/ H = 0 of Case II). (b) Case II.
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6. Numerical results
6.1. Production/absorption of acoustic energy at the slot

Equations (3.21) and (4.8) are equivalent definitions of F(¢), since in the absence of
displacement waves (Case I) the total flux @ is equal to ¢g,. The effect of the
displacement-thickness fluctuations cannot be assessed until their wavenumber
o = ws/V is specified in terms of the Strouhal number ¢ = ws/U. In the following
we take o = i¢, which is assumed to be representative of typical large-scale boundary-
layer disturbances convecting at about 60 9, of the mainstream velocity (cf. Bull 1967;
Black 1970).

The behaviour of Im F(e) for € > 1 for the general Case II, in which allowance is
made for the influence of displacement-thickness fluctuations, is illustrated in figure
3 (b), for different values of 8/ H. The results confirm our earlier conclusion (§§3, 4) that
F(€) becomes periodic when ¢ is large, and that there exists an infinite set of equally
spaced frequency intervals of length ® within which Im F(¢) < 0 and acoustic energy
is extracted from the mean flow in accordance with (5.20). The corresponding results
for Case I are shown in figure 3 (a), together with the ‘zeroth’-order solution, s/H = 0,
of Case II for comparison. It can be seen that the position of frequency intervals in
which Im F(e) < 0 does not vary significantly between the two cases, but that the
predictions of the magnitude of Im ¥F(¢) are very different.

To examine energy exchanges at the slot the rate of production of acoustic energy
I, given by (5.20), is normalized with respect to the total incident power flux
I1, = p,wkH|@,|?, say, associated with the waves ¢f, ¢r . Using (5.20) and (5.23) we
have

I m(1—cosf) Im F(e)
II,  2kH|F(e)+mi/2kH|*

(6.1)

This is plotted as a function of ks = ws/c for different values of s/H in figures 4 (a, b)
and 5 (a, b) respectively for Cases I and 11, when the phase difference 6 between the
incident waves is it and M = 0.05, 0.1. A range 0 < ks < 0.24 is chosen to satisfy the
requirement ks € 1 while retaining some of the more interesting features of the
predictions (see figures 4a, 5a). Acoustic energy is being absorbed/produced at
the slot according as —IT/II; 2 0.

Figures 3 (a, b) indicate that Im F(e) is positive for ¢ less than about 2.4. Conse-
quently, as the Mach number increases from 0.05 to 0.1, the range of ks(= ¢M) in
which Im F(¢) > 0 and (cf. (5.20)) there is attenuation, increases proportionately.
That behaviour is demonstrated in figures 4(a, b) and 5(a, b) which also show that
when 0(M) < ks < 0.24 M more of the incident sound is absorbed as M increases, but
the attenuation is decreased as the frequency or s/H increase. The differences in the
predictions of Cases I and II are most marked when ¢ is very small (ks € M) and when
acoustic energy is being produced at the slot (ks > 2.4 M).

(i) ks< M

This range of ks corresponds to € = ks/M < 1. Figures 4(a, b) of Case I predict
that —II/II; decreases rapidly to zero as ks—0. By contrast, the results of figures
5(a, b) imply that the influence of the ejected vorticity is to make —II/II, tend to
a finite non-zero limit as ¢—»0. This difference can be explained, at least for small

8/H, by consideration of the relative magnitude of the real and imaginary parts of
F(e) as €>0.
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Fiaure 4. The predictions of Case I for the normalized acoustic power absorbed at the slot, — I7/11;
of (6.1), as a function of ks with: ----- , /H=02, and s/H =0.3, 0.5, 0.7 as indicated for

figure 3. (@) M = 0.05, (b) M =0.1.

For Case I, (3.44) gives
16

9¢’ 3t
which on substitution in (6.1) (with e/kH = (s/H)/ M) yields
II  8n(1—cosf)[(s/H)/M]ée

T o)

Im F(e) ~ Re F(e) =~ (>0, s<H),

0 (>0, s<H).

(6.2)
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0.2 -

F1GURE 5. As figure 4, but for Case II.

On the other hand, in Case 11 and for s < H {cf. Howe 1981b)
ic 5i
Fle)~ 5 =3, (e>0, s<H), (6.3)
which implies say, from (6.1),

_ I 5n[(s/H)/M](1—cosb) _ s
I, 6 {Q ns/H\? =1, for ks<M, ks<z<1.  (64)

+ H
3 2M
The limiting value T, is & maximum of 0.5 when s/H = M/(0.3n) and 6 = .

(ii) ks> M.

For M <0.05 the Strouhal number ¢ exceeds O(1) over most of the interval
0 < ks < 0.24, and the power flux — IT/II, oscillates, taking positive/negative values
corresponding to absorption/production of acoustic energy.

The onset of oscillatory behaviour is evident in figure 4(a) (Case I). Comparison
with figure 5(a) {(Case II) reveals that neglecting the influence of ejected vortieity
results in much larger predictions of the amount of acoustic energy produced at the
slot, but in both Cases I and II the production/absorption tends to be reduced as
s/H increases.
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6.2. Application to the experiment

The experiment referred to in the Introduction will determine the ratio of the
transmitted flux to the net incident flux (incident plus reflected), i.e. the quantity
IT,/IT_ of (5.24). We define a transmission factor 4 by

A =—101og,, (T, /M_|) dB, (6.5)
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the modulus of the ratio being taken since (cf. (5.26)) IT, /I _ can be negative when
there is a net production of acoustic energy. From (5.24) the dependence of 4 on the
phase angle 6 appears in both the energy produced at the slot as in (6.1), and the
back-scattered energy of IT_. In figure 6(a) (Case I, s/H = 0.5) and 6(b) (Case II,
s/H = 0.5), 4 is plotted as a function of ks for various phase angles 6 and M = 0.05.
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Fieure 8. As figure 7, but for Case II.

Solid lines indicate absorption of energy at the slot while dashed lines indicate that
acoustic energy is produced. From (6.5)

420 as |, /I_|S1.

Figure 6(a) (Case I) shows that when the slot is producing acoustic energy, 4 can
become singular, i.e. 4 ~ — 00. This corresponds to zeros of the flux I7_ which occur
when the energy flux of the incident waves ¢, ¢1, viz. I1;, is exactly balanced by
that backscattered from the flow/acoustic interaction at the slot. Two zeros of I7_
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are evident for each value f given in figure 6 (a), the region between them corresponding
to IT_ < 0. It can be seen that increasing the phase angle 8 produces larger values
of 4, and increases the frequency range in which I7_ < 0. This is to be expected, in
that the applied pressure difference p, = pf —p,, due to the incident waves of (2.11),
which forces the motion of the vortex sheet within the slot, increases as 8 increases
from 0 to n. The magnitude of the unsteady flux of fluid through the slot @ is therefore
greater (cf. (3.21) and (4.8)) as is the net rate of production/absorption of acoustic
energy at the slot ((5.20) and (6.1)).

Similar trends are evident in figure 6(b) (Case IT) where s/H = 0.5 and M = 0.05,
but for 6 = §n or ir insufficient energy is being produced at the slot to offset the
acoustic energy I1;, and the net incident flux I7_ is positive over the whole ks-range
0 < ks < 0.24. The differences between the predictions for 4, Cases I and II, are
evident from figures 7 (a, b) (Case I) and figures 8(a, b) (Case II), and are again most
obvious when ks is very small and when the slot is producing acoustic energy. Those
results also illustrate the influence on 4 of varying the ratio s/ H and the Mach number
M. Consider figures 7(a) and 8(a) (M = 0.05) for a particular s/H ratio. Acoustic
energy is being produced at the slot in the region between the first and final ks-value
at which 4 changes sign. Within that range two zeros of I7_ are again evident (i.e.
4 ~ —o0)and, in the region between, 7 _ is negative. In figures 7 (b) and 8 (b) (M = 0.1)
acoustic energy is absorbed at the slot over most of the ks-range 0-0.24; production
occurs only in the small interval in which 4 < 0.

7. Conclusions

Mean-flow/acoustic energy exchanges have been examined for the case of a thin
rigid plate lying along the centreline of a duct and having a single slot, of width 2s,
by means of Howe’s (1981b) linearized theory of shearing flow over a slot. Sound
waves, of radian frequency w, incident on the slot in the presence of equal low-subsonic
grazing mean flows, of velocity U, on each side of the plate, generate vorticity which
is shed from the leading edge of the slot and convected downstream with the mean
flow. The acoustic energy absorbed in this process may be outweighed by that
produced at the trailing edge of the slot by vorticity ejected into the flow, here
modelled by displacement-thickness waves. Acoustic energy is absorbed at the slot
provided the Strouhal number ¢ = ws/ U is sufficiently small, but at higher frequencies
there exists an infinite set of discrete frequency intervals in which a net amount of
acoustic energy is generated, this energy being extracted from the mean flow.

The ratio of slot width to duct height influences the magnitude of energy exchanges
but does not significantly affect their direction. When the influence of ejected
vorticity at the trailing edge of the slot is neglected the linearized theory breaks down
near that edge, where the displacement of the shear layer (vortex sheet) exhibits an
inversesquare-rootsingularity. Thisisreflected in the predictionsof the acoustic-power
production at the slot. Although qualitatively similar for certain ranges of €, they
diverge considerably from those which include the back reaction of ejected vorticity
when € < 1 or when the mean-flow/acoustic interaction at the slot generates acoustic
energy.

Predictions of the ratio of the total transmitted to incident flux for various s/H
ratios, mean-flow Mach numbers and incident-wave phase differences, indicate that
production of acoustic energy at the slot can result in a negative net incident power
flux.
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Appendix A. The Green functions G, (x, y,)

In the near field of the slot, kx| < 1, G, (x, y,) of (2.3) approximate line sources
in an incompressible fluid at x, = y,, z, = 0+ respectively, i.e. G, (x, y,) satisfy

Gl \ .
(axz ax>G (x,9) =0 -((kH)®, kHM, M? < 1),

and the boundary conditions of (2.3). Use of the complex potential for such a source
(Milne-Thompson 1968, §10.4) gives

Gilx, )= % Re {ln [sinh {[:1:1—_1/1 +jx2]2lH}]} +ecy, (A1)

where Re denotes the real part with respect to the complex imaginary j. c, are
complex constants chosen to satisfy the radiation condition that

Gy~ A enl (kx| 2 0(1), M<1). (A 2)

In2 |z 2
G, ~c,— - +|2—f11| (IxJ»TH)‘ (A3)

In the region 1/k > |z,| > 2H/x, matching of (A 2), (A 3) yields

From (A1)

In —i
de=ce—— =g (4.4)

The coefficients ¢, are purely imaginary and represent the leading-order effect of fluid
compressibility, i.c. they account for radiation within the duct.

Appendix B. Evaluation of &,(x,). @,(X,. £). fm(€)
Define

Xo=—E+x;

where, from (3.2) and (3.13), B 1)
= (B+af) el* = (ﬂ—iag> el
€ )

From (3.6) and (3.10) and Gradshteyn & Ryzhik (1980, pp. 482, 973) we find
O,(—E)=—FE, O,(—£.¢)=

O = (B=iacl) o). 0,063, 5 = (=i ) gt g)} (B2)

Here

gle. &) = EJy(e)+id (e) —2 E i¥ J,.(¢) sin k6 sin 0,]
k-1 (B 3)

€] < 1, 6 = arcos(£).
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The definitions (3.10) and (B 3) give

[+ o]
Sm(€) = 1J\(€) ap, +Jy(€)apy —2 kz i¥ Ty (e) P,
-1
where (B 4)
R = % 'r (cos 8)™ sin @ sin k6 d6.
(1]

The k' are evaluated with the aid of Gradshteyn & Ryzhik (1980, p. 374):
O(m<k—1, orm+keven),
B2 ={ [™cymp+ry— " Cim—r-1)/2™** (k+1<m and m+kodd), (B 5)

™ Cym—k+1)/ 2" (k—1<m<k+1 and m+kodd)

™c; denote the binomial coefficients. In particular we find from (B 4), (B 5), (with
h} =1 hl=1 h?=hi=1)that

fole) =0, file) = Jy(e)/e, fyle) = iJy(e)/e. (B 6)

Appendix C. Evaluation of a,, b,(£), d™, 8,(x,); ©,(X £)
From (3.10) and Gradshteyn & Ryzhik (1980, p. 374)
1 (n = 0),
a,={0 (n odd), (C1)

"¢y, (neven).

1t follows from (3.10) and (C 1) that

bat) ={ ¥~ (n=1), (©2)
k§1 {an—k_an—k+2} gk—l_gn-H (n > 1)’
Qi1 (n=0),
am = —ntz,,,+2+a,,,_2 (n=1), (©3)
k§1 (@p—k—Cpp42) Opik—1—Cmins (R >1).

Evaluation of Oy(x,), ©.(x:1, £)
From (2.20), (3.3) and (3.4) we find

2n

N
xi(n) = _nz—l Con T (—1) P, " g,

r=0
Consequently
N 2n—1
% =—32nc, I (—1) "l g " 1g,.
O 1 r=o

2 FLM 168
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These expressions, (3.10) and (3.6) lead to the results

N 2n
QO(XI) == 2 c271, 2 (_l)r 2ncra2n—rqr’
n=1 r=0
N 2n—1
Gl(xl, £)=— ﬂZl 277'62" r§0 (=1) % bzn—r— €3] q,.

Rearrangement yields (3.12).

Appendix D. Evaluation of 0,(£2), 0,(22, §), w,,(o)

The functionals associated with @ of (4.1) are calculated via the partition (4.7).
Corresponding to the functional w,, (o) of (4.5) we define

o8

2

wn(0) = T wp(0),
i=1

+1 gm@ Qi? g) . (D l)
W, (0) = RJ.-I o d¢ (i=1,2).
Evaluation of €,(R2,), ©,(82,, £), wl,(0)

The functionals 8,(R2,), 6,(82,, §) are determined in Howe (19815) and are quoted
here for ease of reference:

i io
0,(Q,) = —%Hg”(a)—‘ 27 (Imo=0,), (D 2)
[e9)
0,(R,, &) =€ {ill+§lo—2 sinf ¥ i” sin (nf) In}, (D 3)
n=1
where |£] < 1, 6 = arcos (§), and
© J,(k)e ik
=| 2———dk.
I, J.o o d (D 4)
In particular
I, =i HP(o) e, I, = ini HV (o) e‘i"—é. (D 5)
H{Y, are Hankel functions. The recurrence relationship
_ n-1
]n = ‘2‘%_%—2 _2(_01_)_ (n>=2), (]) 6)

follows from (D 4).
By analogy with f, (¢) of Appendix B we find that

m+1
wl (o) =€’ {i]l(a)am+loam+l—2 Y i*I,(0) h;,"} (D7)
n=1

Evaluation of @(R,), 0,(£2,, £), wZ,(0)
Q, of (4.7) can be decomposed as

Q,=0,+2, (D 8)
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where, for || < 1,

_[® yor 1. fsinh[(r—n)ns/2H]

2,(0, )= J; el ln{ [r—nins/2H } dr, (D9)
— [ wtor 1y, {8inh [(r—7) ms/2H]

Qo.m) = L ¢ ln{ [t—9y] ns/2H } dr
- j el plr—y) dr, (D 10)

7
(cf. (2.19)). Corresponding to (D 8) we set

wl = o + ol (D 11)

where v}, w}, are defined by (D 1).
By change of variable the integral £2, may be expressed (Gradshteyn & Ryzhik
1980, p. 575) as

eiaq a
.(23(0',7])=—i0_ &1(—5) (Imo=0,)

where (D 12)
1
_ IR T
d(y) lﬂy 21n+2iy 'ﬁ( ly)y
and ¢ is Euler’s Psi function. By analogy with the corresponding functionals of y}
(Appendix B) we deduee that
A (ocH[n s)J (o)

10

@) = ot (23] fulo),

The functionals 6,(£2,), ©,(L2,, §), w}, can be calculated from (D 10) and (2.20) for
the polynomial P (truncated after N terms) in terms of the Bessel functions J,, (a).

The calculation is not difficult but is too cumbersome for inclusion here. Details can
be found in Quinn (1985).

90(93) ==

. 62,0 = (Z)go. 5,
(D 13)
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